
C H A R A C T E R I S T I C  C O N E S  OF T H E  E Q U A T I O N S  

IN T H E  N O N L I N E A R  T H E O R Y  OF E L A S T I C I T Y  

E.  I .  R o m e  n s k i i  UDC 539.3 +517.945 

The roots of the equation for  the charac te r i s t i c  normals  for two sys tems of differential 
equations in the nonlinear t heo ry  of elast ici ty a re  investigated. The f i rs t  model is constructed 
using a thermodynamic identity. The second is a very  simple hypoelastic model (the devia- 
tor  of the s t r e s s - r a t e  tensor is proport ional  to the deviator of the s t r a in - ra t e  tensor) .  It 
is shown that the roots  of the equations for  the normals  to the charac te r i s t i c s  for the second 
model are  the same as the f i r s t - o rde  r t e rms  in the expansion of the roots  of the f i r s t  model 
with respect  to the s t r a in - t ensor  devia tor .  

In this p a p e r  we study the charac te r i s t i c  cones of the different ia l  equations describing two models 
in the nonlinear theory of e las t ic i ty .  The f i r s t  model, the different ial  equations of which a re  obtained on 
the basis of a ce r t a in  thermodynamic identity, was formulated by Godunov and Romenskii [1]. The other 
mode l  is widely used in calculating p las t ic -e l .as t ic  flow [2]. The thermodynamics  of this mode l  does not 
have a s a t i s f ac to ry  explanation. It can be t reated as a certain approximation of the thermodynamics  for  
the model [1]. 

The sys tem of differential equations formulated in [1] has the fo rm 

du~ 0 ~  
P dt Ox k = 0 r 
dgi~ Ou a Ou a d,.,c 

-~ -- u (g,,~, 

where ui are  the components of the veloci ty vector ,  a ik is the s t r e s s  tensor, gik is the Cauchy deformation 
tensor,  S is the entropy, and p =p 0~det [I gik[I is the density of the medium, 

To close the sys tem we give the dependence of aik on gik and S by the Murnaghan equation 

2 0z 

where E= E(gmn, S) is the internal energy of the medium. We shall consider  an isotropic medium, assum-  
ing that E depends on the three  independent invariants of the s train tensor  and on the entropy, It is eonve-  
nient to consider  the following dependences: 

E = E (kl, k,, ks, S), k~ = 1 / Vgi 
E = E ( p , D ,  A, S) 
P = P0/(klk~k3),D : ~ / ~  (d~ ~ _~d~ ~ +da~), 
A =1/3 (dl 3 +d~ a +da  ~) 

$ 

d t =  ln(k~/Vklk~ks) (dl + d2 + da = O) 

where k i a re  the compress ion  coefficients along the principal  axes of the s t ra in  tensor .  

The invariants kl, k2, and k 3 can be rewrit ten in terms of p, D, and A. 

The equation, obtained by Godunov and Romenskii [1], for  the charac te r i s t i c  normals  has the fo rm 
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det (f~*l - -  A )  ~ 0 

( Lllh 2 "3 I- Ma~l~ ~ + M91~32 N3~]l~ N9~111"13 
A -- Nz~l~h M3~h ~ + Lg~I~ ~ + MVI~ NI~IgTls ) Nd%~h N~*I~ Mg~h 9 + Ml~19 ~ + L3r~ 

where  ~h = k,~t, fl = co + u'=~, and (w, ~1, ~2, $3) is the no rma l  vec to r  to the cha rac t e r i s t i c  sur face .  

The nine e las t ic  moduli  - Li, Mi, N i - a r e  e x p r e s s e d  in t e r m s  of the f i r s t  and second der iva t ives  of 
the equation of s ta te  E(kl, k~, k3, S) accord ing  to the equations 

/fg~ - -  kS ~ - - ,  N 1 = Ek, ,~ ,  - -  k l  i _  k31 

and the r e s t  of the Li, Mi, and N i a r e  obtained f r o m  these  by the appropr i a t e  substi tution of indices.  

The m a t r i x  A cor responds  to a c ry s t a l  of the rhombic  s y s t e m  [3], whose anisot ropy is descr ibed  by 
the nine independent e las t ic  moduli .  In such a med ium sound waves  p ropaga te  in th ree  direct ions,  genera l ly  
speaking, with different veloci t ies .  Fedorov  [3] d i scusses  the theory of e las t ic  waves  in c rys ta l s ;  however,  
t he r e  only sma l l  deformat ions  a r e  studied and the calculat ion of the c h a r a c t e r i s t i c s  is not c a r r i e d  through 
to completion.  In the p resen t  case  knowing interpolat ion equations for  the equation of state,  we can e luci-  
date the nature  of sound-wave propagat ion.  We shall  de te rmine  how sound waves p ropaga te  with the accu-  
r a c y o f t h e f i r s t  t e r m s  in the expansion of the elast ic  moduli with r e spec t  to the s t r a i n - t e n s o r  devia tor  in a 
neighborhood o~[ ze ro  devia tor  for  any density and entropy.  

Using the pa rame te r i za t i on  of the equation of s ta te  E=E(p,  D, A, S), we can expand the ma t r i x  A in 
powers  of the s t r a in  devia tor  di in a neighborhood of di ~ 0: 

A = A (~ (p, S) + d~A~ o) (p, S) + d~2A~(~) (p, S) § . . . 

and study the eigenvalues of A as pe r tu rba t ions  of the eigenvalues of A (0). 

We r e s t r i c t  ou r se lves  to the f i r s t - o r d e r  per turbat ion.  In o rde r  to ca lcula te  the e las t ic  moduli we can 
u s e  Eqs: (5.2) f r o m  [1] to wr i te  the m a t r i c e s  

[ (1  + m) ~x 9 -}- m (~19 + ~o. z -4- ~2) (l + m) ~1~ 
A (~ = | (l + m) ~ 1  (l + m) ~2 ~ + m(~l ~ + ~ + ~3~) 

--2 (2m -4- 2k -- n) ~9 + (m + 3/2 n) (~2 2 + ~3 ~) 0 
A1 a) = 0 (m + 3/~ n) ~ 

0 (m + i/9 n t 2k) ~z~9 

( ( m + ~ n ) ~  9 0 
A~ (1) = ~ 2  (2m + 2k --  n) ~9 9 + (m + 3/9 n) (~t ~ + ~3 ~) 

\(m + '19 n +' 2k) ~ t  0 

(m + 3/3 n) ~3 ~ (m + l/~ n + 2k) ~I~ 
Aa (1) = (m. + ~/9 n + 2k) ~ 1  (m + 3/~ n) ~3 ~ 

0 0 

l = (o~E~)~ --  ~/a E~, m : 1/9 ED, 

where  all  quanti t ies a r e  calculated at the point dl = d 2 = d 3 = 0, The m a t r i c e s  Ai (i) admit  some  a r b i t r a r i n e s s  
in the way they a r e  wri t ten,  s ince  d 1 + d 2 + d ~ =  0; thei r  speci f ic  f o r m  is chosen f r o m  considerat ions  of s y m -  
m e t r y .  

It  is n e c e s s a r y  to explain how the eigenvalues of A (0) a r e  pe r tu rbed  by the pe r tu rbed  ma t r ix  dih i (1). 
The  eigenvalues'  of a m u l t t p a r a m e t e r  pe r tu rba t ion  might not be  different iable  with respec~ to the p a r a m e t e r s  
of the per turba t ion  [4]. There fo re ,  we go to a o n e - p a r a m e t e r  per tu rba t ion  

A = A  (~ + e(d#-lA~ 0)) + O ( D )  

where  a = ~ .  We denote A! ~) =~-ldiAi(l).  

The eigenvalues  for  a o n e - p a r a m e t e r  s y m m e t r i c a l  per turba t ion  a r e  rea l  and di f ferent iable  with r e -  
spect  to the per turba t ion  p a r a m e t e r  [4]. This  makes  it poss ib le  to de te rmine  the t e r m s  in the expansion of 
the eigenvalues and e igenvec tors  in powers  of e.  Let  us cons ider  the f i r s t  t e r m s  in the  expansion of the 
etgenvalues.  

(Z + m) h~3 ) (Z + m) ~3 -~ + rn (~1 ~ + ~29 + ~3~) 

0 \ 
(m + 1/~ n -4- 2k) ~9~a/ 

(m + li2 O +  2k) [,~3t 

(m + % n ) ~ 9  j 

o ) 
0 

--2(2rn -t- 2k --  n)~32 + (m +~lgn) (~19 § ~2) 

n = 1 1 3 E ~ ,  k = l  hE~D 
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The  m a t r i x  A {o} has  one s i m p l e  and one twofold  e igenvaiue  

(fh~)(~ = (~ + 2r~) ( M  + U ~ + ~2) ,  (f~ ~)~0~ = (~  2)(0~ = m ( ~  ~ + ~2~ + ~ )  

To these  e igenva lues  c o r r e s p o n d s  an o r t h o n o r m a l  s y s t e m  of e igenvec to r s ,  e.g.,  

e3 = V" (F,,.* q-"~,,) (~,t' 4 ~,,' +'~.,') \~j.~ _}. [~,, ,] 

Denoting by ~212, ~222, ~32 the e igenva lues  of A and expanding t h e m  in powers  of s we  can  show that  

(~12)(1) = (A(1) el, el) 

and (~ 2)(1) and (f]32)(t) a r e  e igenvalues  os the m a t r i x  

( (A(1)e~, e~) (Aa)e~, e3)~ 

(Aa)e3, e~)(3~(1)es, ea)] 

The m a t r i x  A(t) and the v e c t o r s  et, %, % a r e  known, hence,  we find 

(AO~ e~, O) = - -  2(m + 2k - -  X/2n)(d~l ~ + d2~22 + d3~32) / ]/-D 

(A+ e~_, e2) = (~&n + m ) ( d ~  ~ + d~2 ~ + d ~ 2 )  / V - 5  - 

- (%n - m) (M + ~r + ~3~)d~ / 1/--5 - -  (%n - -  ,n)(~l 2 + ~2 ~ + ~)(d,~i ~ + d ~ 2 9 / ( ~  + ~ ' ) # ~  

(AO) e.z,e3) = (A (1) ea, e2) = (%n - -  m) ~1~2~ (d2 --  dl)~f'~l z + '~2~ ,+ ~3z '/(~12 + ~2~)V-D 

(AO)ea, ea) = (a/~n + m) (d~x ~ + d2~ 2 + da~ z) / V 'D + 

+ (31on--m)(~ + ~2)d j] / -D + ( a l 2 n -  m)~3~(d~l ~ + d2~ ~) /(~12 ~-- ~22)~fD 

Calcula t ing  (fti2)0) by the indica ted  method,  we obtain . 

~2~ ~ : :  (l + 2m)(~l 2 + ~2 + ~a2) _ 2(m + 2k - -  1/2n)(dl[l ~ i+ d2~ 2 + da[a 2) + 0 (D) 

~Q~ : m (~1 ~ + ~22 + ~ )  + 3/2(ra + 1/2n)(dl~12 + d2~22 .~- d3~a~) - -  1/~(m _ 3/2n) [(d1~12 + d2~2~ + da~a2)~ __ 4(~12 + ~ + 

+ ~3~)(d2d3~l 2 + dld3~ 2 + dld2~32)]V ~ + 0 (D) P.3 ~ = m (~1 ~ + ~22 + ~32) + ~/2 (m + V2n)(d~;~ ~ + d2~22 + 

Hence,  it is seen  that the p e r t u r b e d  e igenvalues  f o r  (~222) (0) = (~32) (0) d i f fer  by  a magni tude  

(m --  ~/2 n) [(d1~1 g + d2~2 2 + d3~2 2) 4(~12 + ~2 u + ~2)(d2da~ + didst2 2 + d~d~a )], + 0 (D) 

The  e x p r e s s i o n  u n d e r  the s q u a r e  root  s ign  is a lways  nonnegat ive .  F o r  example,  if d ~ - d  2 and d 1 -< d~, 
then it can be  r ewr i t t en  in the f o r m  

[(d2 - -  da)~x 2 + (dl --  d8)~2 2 + (de - -  dl)~a2l ~ + 4 (d 2 - -  d~)(d 8 - -  dx) ~2~3 2 > 0 

The  equal i ty  with z e r o  is ach ieved  when d 1 = d 2 = d 3. 

Le t  us cons ide r  the  in te rpo la t ion  equat ions  f o r  the equat ion of s t a te  E(p ,  D, A,  S). 
t ions  it fo l lows that at the point d 1 = d 2 = d 3 = 0 

F r o m  our  c a l c u l a -  

• (p~Ep) = l + 2/3 m = (l -]- 2m) - -  4/3 m = e0 2 - -  4/s cl ~ 

1/80E/OD = m = Cl" 

w h e r e  c o and c 1 a r e  the p ropaga t ion  ve loc i t i e s  of longi tudinal  and t r a n s v e r s e  sound waves .  In o r d e r  to de -  
s c r i b e  the s i m p l e s t  non l inea r  ef fec ts  of sound -wave  propagat ion ,  it suf f ices  to g ive  the equation of s t a te  in 
the f o r m  

E (p, 'D, S) = Er176 (p, S) + 2m (p, S)D 

We cons ide r  ano the r  model .  The  s y s t e m  of d i f fe ren t ia l  equat ions  desc r ib ing  this  mode l  inc ludes  hypo-  
e las t ic  r e l a t i o n s  as  the  s t r e s s - s t r a i n  coupling.  T h e s e  r e l a t i ons  with the addit ion of d i s s ipa t ive  t e r m s  a r e  
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a pa r t i cu l a r  case  of the Reuss  equations of p las t ic i ty  
f o r m  

dp Oui dE 
= _ pb~6~, P 

dui Op 
P - ~  q- Ox~ 

dzi~' 1 , (Ou= Ou~ 1 , 

theory  [5]. The closed s y s t e m  of equations has the 

Oui , Ou i 
= _ p ~ ~ + ~ 

Ox k 

( O u ~ O u i ~  (9u, Ou k 
~ /  +~ \ ~ + ~  

2 Oua \ 

(2) 

H e r e  p is the density,  E is the in ternal  ene rgy ,  p is the p r e s s u r e ,  u i a r e  the componen t s  of the velocity,  
r ' is t h e  d e v i a t o r  of the s t r e s s  t en s o r ,  and # is  a function of p, E, and qik ' -  

To c lose  the s y s t e m  a re la t ion  p=p( ' p ,  E, a ik9  is given. Let us  cons ider  the re la t ion  p = p(p, E), 
which was u s e d  by Wilkins [2] in numer ica l  calculat ions.  To calcula te  the cha r ac t e r i s t i c  ma t r i x  we us e 
the method of reducing the s y s t e m  of di f ferent ia l  equat ions to a s y s t e m  of s e c o n d - o r d e r  equations which 
was u s e d  in [1]. This  p r o c e d u r e  consis ts  of extending the initial s y s t e m  by different ia t ing with r e spec t  to 
t and x i. In doing this the ve r t i c a l  c h a r a c t e r i s t i c s  (l ines of 'flow) a r e  i sola ted ,  and the pa r t  of the cha r -  
a c t e r i s t i c  m a t r i x  a s soc ia t ed  with the main  t e r m s  in the veloci ty  equations co r r e spond  to the th ree  p ro p a -  
gat ion veloci t ies  of sound waves .  

We apply the ope ra to r  d/dt  to the equations for  ui: 

d~ui 0 fdE~ 0 (do) 0 [dz~l~'~ p ~ - +  p~ ~(-~/  + p ~  ~ - ~  \--zr/ + . . . .  o 

The dots h e r e  and hence fo r th  denote t e r m s  of the equations which a r e  inessent ia l  fo r  calculating the 
c h a r a c t e r i s t i c s .  T h e y  contain no der iva t ives  higher than f i r s t  o rde r .  F r o m  the remain ing  equations we 
find 

(dE~ p O~u~ ai~' O~ui 
Ox \d r /  p ~xiOx ~ ~ p OxiOx ~ ~- " ' "  

O~u i \ [ O~u i 9~u~ 32 ~ , ~  ~ )  + . .. 

Putting the obtained e x p r e s s i o n s  into the equations for  d2ui/dt 2 and a f te r  grouping t o g e t h e r  the t e r m s ,  
we find 

P-aT~-- 7P~ p + (21--+i pE)%/ --I* + i , a~u~ i , o,u( 

If  we denote the e lements  of the cha r ac t e r i s t i c  m a t r i x  by Aij, then the equation fo r  the cha rac t e r i s t i c  
n o r m a l s  takes  the f o r m  

de t  (pQ2i _ A) = 0, A = II A, i  II 

where  Aij a r e  found according to the equation 

t , l , t 

H e r e  ~=r i and (r ~l, ~2, ~a) is  the normal  vec to r  to the cha rac t e r i s t i c  sur face .  

The m a t r i x  A is  a s y m m e t r i c ,  and hence we cannot immedia te ly  conclude that  its eigenvalues a re  real .  
However,  they can be wri t ten out in t e r m s  of explicit equations.  Consider  the sum ~jAii (in m a t r i x  t e r m s  
this means  that to the f i r s t  column of A, mult ipl ied by ~l, a r e  added the second and thi/:d columns, mul t i -  
plied, respec t ive ly ,  by ~ 2 and ~ 3) 

~ h ~  = ~[(ppp + p-lpEp + %~)~k~h - -  P-lPE~k~'~l] 

The e lements  of the f i r s t  column in the cha rac t e r i s t i c  de terminant  a f te r  such a t r ans fo rma t ion  turn 
out to be  propor t ional ,  and hence the cha r ac t e r i s t i c  equation spl i ts  into two equations: 
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I!! ' ,i 9 f P - - A ~  --A,3 I = 0 
- -  Ass p ~  -- A33 [ 

The f i r s t  equation is an explicit  equation for  one root,  corresponding to the propagation veloci ty of 
longitudinal waves.  The second equation, quadrat ic  with respec t  to pC2, has roots  corresponding to the two 
propagation veloci t ies  of t r ansve r se  waves.  

Let us calculate the roots  of the quadratic equation. We go over  to the principal  axes of the s t r e s s  
tensor  qi i '=o ' i ' ,  cqj '= 0 (i~ j). The following Aij a re  necessary :  

' t  t ' , 
Aa2 = (ppp + -7" P~P + -3- ~ ~ -~- ~u_ ~1~ 

I 
A la ----- (PPp + T Ps -4- "-U -- q- -~- ~n ~1~3 

t t . t , ~  t , ~ 2  t , ~  t , 

A~3 ----- (pp~ -'I- -'6"- P~P + t + --7 p~) , 

A32 = (Ppoq- -~-p~pq- I ~ I \a '~ I 

Expanding the determinant,  we obtain a quadratic equation: 

[~,e '~-~ (~a ~ + ~? + ~?)]~ - -  ~/~ (~x'~ ~ + a,'~Q + ~ ' ~ ? )  {pC'  - -  
- ~ (~P + ~?  + ~?)] + ~/, (~ '  - ~ ' )  ( ~ '  - -  ~ ' )  ~?  + ~/~ (az' - -  

- ~') (~'- ~') ~ + ~I~ (~' - ~3') (~' - ~') ~' - ~h Co,' - 
- ~,'? ~a~ ' - V~ (~.' - ~')~ ~a=~. ~ - al~ (~r _ %9' ~,'~3 ' = 0 

The roots of this equation are 

t t 2 __ V~ [(~I'~P + ~ ~? + ~3 ~3 ) - -  4(~1' + ~? + ~.~) ('~r + '~3'~,'~ + ~z'~,'~?)l v' 

They cor respond to the propagation veloci t ies  of t r an sv e r se  waves. The root,  corresponding to the propa-  
gation veloci ty  of longitudinal waves, in the principal  axes has the fo rm 

t 2 
p~z 2 : (ppp q- p-apEp + 4/sbt)(~a 2 + ~ + ~s 2) -- P-apE (a1'~z s + %'~ + as ~s ) 

If we set o" i' = 2/~d[, then the calculated roots with the specified accuracy coincide with the approximations 
to the eigenvalues calculated for model (i). This serves as a confirmation of the fact that the model (2) con- 
sidered here is an approximation of model (1) with the equation of state E=E(0) (p, s)+ 2m(p, S)D. The de- 
fect of model (2) lies in the lack of any integral, i.e., the conservation of entropy in adiabatic processes. 

The author is grateful to S. K. Godunov for discussions. 
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